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ABSTRACT: direction, a subsequent deforma-
tion in an orthogonal direction shows a typical stress overshoot compared to monotonic deformation. This
phenomenon is investigated experimentally and numerically on a DC06 material. Two models that incorporate
the observed overshoot are compared. In the Teodosiu-Hu mod
hardening by a rather complex set of evolution equations. The shape of the elastic domain is not changed.
Another way to describe the observed overshoot is by distortional hardening, like in the model by Levkovitch
et al. In this model, a deformation in one direction directly
is apparent even without additional plastic deformation in another direction. Both models can represent the
experimental results well, but in the original implementations, the Teodosiu model performs better.
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1 INTRODUCTION
Although the concept of isotropic hardening
can successfully describe material behaviour for
monotonic proportional deformation paths, major
shortcomings are observed for cyclic and non-
proportional loading. In sheet forming processes
cyclic loading is apparent in bending dominated ar-
eas e.g. near draw beads where bending and unbend-
ing results in compressive and subsequently tensile
plastic deformation. Classically, cyclic deforma-
tion is modelled with kinematic hardening models.
Models like the Armstrong–Frederickand Chaboche
and the short transient that is observed between elas-
tic deformation and fully plastic deformation after
load reversal. In the Teodosiu model [1] and the
Yoshida model [2], also the typical work hardening
stagnation phase is accurately represented.
In general, however, also non-proportional deforma-
tion appears in sheet forming, e.g. at parts of a blank
into the wall area or even more in multi-stage deep
drawing, where the strain direction can change from
almost uniaxial compression to biaxial extension. In
some materials, notably in mild steels, an increased
transient after the strain path change. In literature,
this is mostly observed for two-stage experiments,
in which the sample is unloaded and often machined
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modelled either by adapting the isotropic–kinematic
hardening model, as done in the Teodosiu model [1]
or by adapting the shape of the yield locus, as done
in the distortional hardening model by Levkovitch et
al. [3].
In this paper, experiments with cyclic shear and
with continuously changing strain paths are pre-
sented. Subsequently, the models by Teodosiu and
Levkovitch are introduced and applied to the exper-
iments. Finally, some preliminary conclusions are
drawn.
2 EXPERIMENTS
2.1 BIAXIAL TEST EQUIPMENT
To investigate sheet material behaviour under biaxial
loading a biaxial testing device was developed at the
University of Twente [4, 5]. A tension–shear layout
was chosen that creates a reasonably uniform defor-
mation, even for large deformations. The width of
the deformation area is large compared to the height.
This imposes a zero transverse strain condition in a
large part of the deformation area. Hardening curves
can be determined for arbitrary strain paths between
the limits of plane strain and simple shear defor-
mation. The shear deformation can also be applied
cyclically.
2.2 CYCLIC SHEAR TESTS
Cyclic tests are performed on DC06, using the biax-
ial tester, by shearing the sample 3 times back and
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forth. Tests are performed with 3 different amounts
of pre-strain. In Figure 2 the results are presented
as plastic shear strain versus simple shear stress to-
gether with model results. The strain rates for these
tests are all in the range of 0.01 s .
Characteristic for mild steel is the pronounced
load reversal. This effect is relatively large for both
load reversals; approximately 100 MPa depending
on what is considered the elasto–plastic transition.
Two additional phenomena are observed after load
reversal: the transition from the elastic to the plas-
tic regime is very gradual, also known as transient
hardening, and hardening stagnation occurs after the
load reversal. This is observed as a plateau in stress.
Hardening is resumed after a particular amount of
deformation in the new direction. Transient hard-
ening occurs after all reversals, but the effect does
not seem to increase with pre-strain. The stagnation
of work hardening however, does increase with pre-
strain. It appears that the stagnation occurs until the
total shear strain passes the origin.
2.3 ORTHOGONAL TESTS
A number of experiments are performed, in which
the loading direction is rapidly or smoothly changed
from plane strain tension to simple shear. Figure 1
shows the results for DC06. The smoothness of the
change of the strain path is adapted, as shown in
Figure 1(a). Six different experiments have been
performed with different transitions of the tensile to
shear deformation. Test 1 shows the strongest strain
path change and test 6 shows the most gradual strain
path change. The tests 2-5 have intermediate transi-
tion modes. It is noted that the depicted strains are
not plastic strains, but total strains. The strain paths
are varied by the amount of extra tensile strain from
the onset of shear deformation, from 0.5 % in the
sharpest to 6.5% in the smoothest path.
The tensile and shear stresses observed in these tests
are depicted in Figure 1(b) and 1(c) as a function
of the equivalent plastic strain. For a sharp strain
path change (test 1) the shear stress clearly shows
an overshoot after the strain path change compared
to the monotonic simple shear test. The stress re-
sponse is similar for a strain path change with elastic
unloading (not shown). For the test where the strain
path changes slowly from tensile to shear (test 6),
the shear stress shows monotonic convergence to the
result for the monotonic simple shear test. The in-
termediate curves show responses in between these
two extremes. The same holds for the stresses in ten-
sile direction. The test with the gradual strain path
change shows a slowly decreasing tensile stress. The
tests with sharper strain path changes show a rapid
decrease in tensile stress. After 0.15 shear strain in
Figure 1(c) the effect of the strain path change is no
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(c) Shear stress components with the monotonic shear curve.
Figure 1: Orthogonal tests without elastic unloading.
longer observed. The tensile stresses reduce to zero.
3 MATERIAL MODELS FOR NON-
PROPORTIONAL LOADING
In this section two material models are presented
that are able to describe strain path dependent be-
haviour. These models mainly consist of evolution
equations to update the state variables that deter-
mine the external stress–strain relation. The Teodo-
siu model is a physically based model that describes
the evolution of the micro-structure of the material,
and extracts the stress–strain behaviour from it. The
second model is a distortional hardening model by
Levkovitch. The performance of the two models
is assessed by comparison with the experiments on
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DC06. This material is selected, since it shows the
most pronounced strain path sensitive behaviour.
3.1 THE TEODOSIU MODEL
Teodosiu and co-workers developed a macroscopic
model based on the evolution of the dislocation
structure, see [1, 6, 7]. In this model it is assumed
that dislocation patterning is the main cause of the
anisotropic hardening behaviour.
The model is in its essence, a combined isotropic–
kinematic hardening model, but the evolution of the
isotropic strength and of the back-stress depends on
other state variables that depend on the actual strain
path. The main components of this model is a 4th
order strength tensor S and a 2nd order polarity ten-
sor P
the build up and breakdown of a dislocation struc-
ture. The polarity describes the effect of pile-ups
of dislocation on dislocation walls and thereby the
Bauschinger effect. The dislocation structure con-
tributes to the anisotropic hardening behaviour via a
back-stress evolution. The back-stress evolution is
strain path dependent and describes work hardening
stagnation and cross hardening.
The evolution of the strength of the dislocation
structure S is a function of the polarity P, the direc-
tion of loading and the amount of plastic deforma-
tion. For a well-annealed material, the initial values
of S and P are equal to 0.
The disadvantage of the model is the high number
of material parameters (13) that are required to de-
scribe the internal processes.
3.1.1 Yield stress and yield function
Anisotropy due to texture is modelled by a an appro-
eq, leading to a
yield function :
eq S (1)
Where is the initial yield stress, describes the
isotropic hardening due to the cellular dislocation
structure and the last term describes the isotropic
hardening due the strength of the dislocation sheets.
The evolution of the back-stress is modelled by an
Armstrong–Frederick-like saturation law:
sN (2)
where N is the normal to the yield surface, represent-
ing the strain rate direction and
ration rate. The saturation value of the back-stress is
s, which is not a material parameter, but
3.1.2 Strength of the dislocation structure
The strength of the dislocation structure is described
with the internal state variables; the tensor S and the
scalar . The pile-ups of the dislocations at either
sides of the dislocation walls is described with the
polarity P, which is a state variable. Upon a defor-
mation reversal, the dislocations are released from
their position and are able to migrate to the cell in-
teriors. The evolution equation reads:
P P N P (3)
The polarity converges to the current loading direc-
tion N, with the saturation rate P.
The tensor S can be decomposed in 2 parts; a part
that contains the strength in the current direction of
deformation D and a part that contains the latent
strength of the structure that is currently not active
SL. D is a scalar value because it represents solely
the strength in the current loading direction:
D N S N (4)
The latent part of S
S SD SL DN N SL (5)
The evolution of the strength of the dislocation
sheets is calculated by the individual evolution of the
directional and latent part of the tensor S. The evolu-
tion equation for the strength in the current loading
direction is described with:
D Sd P sat D D (6)
Where the parameters Sd and sat denote the satura-
tion rate and the saturation value, respectively. The
value of P depends on the current strain rate direc-
tion compared to the polarity and depends on the
current strain rate direction compared to the current
back-stress. The exact formulation is given in [1].
Deformation in a new direction erases the disloca-
tion structure due to a previous deformation direc-
tion. The model describes the decrease in the latent
strength of the dislocation structure SL by:
SL Sl
SL
sat
L
SL (7)
It is noted, that at the start of deformation SL 0.
Only after a change in strain rate direction this inter-
nal state variable will get a different value.
The saturation value for the back-stress is a func-
tion of the dislocation structure. As such, the typical
overshoot in orthogonal loading is modelled:
s D SL (8)
For an orthogonal strain path change, the decompo-
sition of S changes. Hence, the directional strength
before the strain path change becomes the latent
strength after the strain path change and vice versa.
By means of the material parameter , the contribu-
tion of the latent strength increases and evokes a sud-
den increase in the saturation value s. This on its
turn causes the cross hardening after the orthogonal
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strain path change via an increased back-stress. Dur-
ing monotonic or cyclic loading, the saturation value
is dictated by the value of the directional strength D
of the dislocation structure.
The isotropic hardening due to the cellular structure
is described with the variable . It is not dependent
on the strain rate direction. In the original Teodo-
siu model, is represented by a saturation equation,
equivalent to the Voce model.
3.2 DISTORTIONAL HARDENING
Distortional hardening is an extension of the tra-
ditional isotropic–kinematic hardening models; the
shape of the yield locus is adapted as a function
of the strain path. In the model by Levkovitch
[3], distortional hardening was added to describe
cross hardening. The motivation for this approach
is formed by the yield loci, calculated by Peeters
et al. [8], that were distorted after pre-straining.
rection was increased after pre-straining. This is a
distinctive difference in modelling with the Teodo-
siu model. In that model it is assumed that the strain
path dependency is completely accounted for by the
(anisotropic) work hardening. Levkovitch, instead,
models the strain path sensitive behaviour by an in-
creasing elastic domain, constrained by the evolv-
ing yield criterion. The distortion is implemented
such that it affects the behaviour in orthogonal tests,
but not the behaviour in monotonic and cyclic tests.
Hence, for monotonic and cyclic loading, regular
isotropic–kinematic hardening laws are still appli-
cable.
In the original implementation, the parameters for
the Hill ’48 yield criterion are adapted by a tensor
H, resulting in a distorted yield locus:
P H f (9)
Here, the tensor P describes the initial material pa-
rameters of the Hill ’48 criterion. H is a fourth or-
der tensor, analogous to P, describing the distortion
of the yield surface. The back-stress evolves ac-
cording to an Armstrong–Frederick equation and f
represents an isotropic hardening law, equivalent to
the Swift equation. The Hill ’48 yield criterion can
be substituted by an alternative description for eq:
eq H f (10)
where special care must be taken for the evolution
of the back-stress if eq
condition, as described in [9].
The Teodosiu and the Levkovitch models use a sim-
ilar evolution for the dislocation structure and dis-
tortion, respectively. The Levkovitch model also ap-
plies a division between the directional and the la-
tent distortion, depending on the current loading di-
rection N:
D N H N (11)
HL H DN N (12)
The directional and latent part are easily recognised
in the evolution of :
H D satD D N N
L
sat
L I N N HL (13)
ence of the distortion. The second term describes
the latent direction. To adapt the material behaviour
only under non-proportional loading, the parameter
sat
D . In monotonic or reversed loading the
distortion will not contribute to the evolution of the
ferent from these situations, distortion will play a
role in modelling the mechanical behaviour. When
an orthogonal strain path change is applied, the dis-
tortion in the latent direction of the pre-straining
stage, HL, becomes active as D for loading in the
new direction. This induces the typical overshoot
after the orthogonal strain path change. It is noticed
that the external stress increases while the material
direction, it decreases because satD . The dis-
tortion in the current direction will fade with a rate
dictated by D.
4 APPLICATION TO DC06
4.1 TEODOSIU MODEL
In this section the predictive power of the Teodosiu
model is investigated. To this end the material pa-
onal experiments. The Hill ’48 yield criterion based
on measured -values is used. The least squares op-
timisation of the Teodosiu model parameters is de-
manding in terms of number of variables and hence
in CPU time. The coupling between the different
evolution equations requires that all material pa-
rameters are determined concurrently. In the cur-
rent optimisation monotonic experiments, the cyclic
tests with different pre-strain and orthogonal tests
with and without elastic unloading are used to ob-
tain the material parameters. The experimental and
numerical results for the cyclic experiments are de-
picted in Figure 2. It shows that the Teodosiu model
captures the stress–strain response in cyclic loading
very well. Just before the second strain reversal and
at the end of the experiment, the model underesti-
using an additional linear term in the isotropic hard-
ening, or by replacing the current saturation law by
a power law. The transient hardening after the load
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Figure 2: Shear stress–strain curves for the cyclic
experiments (thin lines) and the Teodosiu model
(thick lines).
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Figure 3: Evolution of state variables in the Teodosiu
model for the cyclic tests.
reversal and the work hardening stagnation are cap-
tured accurately for the small pre-strains as well as
for the reversals after larger pre-strains.
The work hardening stagnation that occurs after the
load reversal is captured by the polarity in the model.
Figure 3 shows the evolution of the shear component
the directional strength (via P) and subsequently on
the saturation value of the back-stress through Equa-
tion (8). The polarity component shows an evolution
to the new deformation direction after a load rever-
sal. This effect is passed on to P that turns to 0,
and causes a stagnation, and even a slight drop in
the directional strength of the dislocation structure
( D). This leads to a corresponding drop and evolu-
tion stagnation in s. Finally, this leads to a lower
back-stress after the strain reversal.
The model results for the experiment with an orthog-
onal strain path without unloading (experiment 1 in
Figure 1) are depicted in Figure 4. It shows a very
good agreement, including the overshoot. Like in
the cyclic experiments, the stress is underestimated
at higher strains.
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Figure 4: The results for the Teodosiu model (thick
lines) in the orthogonal experiments (thin lines).
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Figure 5: Shear stress–strain curves for the cyclic
experiments (thin lines) and the Levkovitch model
(thick lines).
4.2 DISTORTIONAL HARDENING
The Levkovitch model is based on a combination of
isotropic, kinematic and distortional hardening. The
the distortional and the isotropic–kinematic model
can be separated. First, the isotropic and kinematic
parameters are determined with the distortional pa-
rameters equal to 0. After that, the parameters for
the distortional hardening are determined, by using
the experiments with orthogonal strain paths. In or-
der to get an accurate prediction of the cross hard-
ening, the errors in the range directly after a strain
path change received a higher weight factor than the
Figure 5 shows the results of the Levkovitch model
for the cyclic experiments. Clearly, the monotonic
hardening behaviour differs from the experimental
behaviour. To meet the relatively low stress levels
after the 2nd reversal, the hardening rate is initially
too high and subsequently too low. At the end of
the pre-strain phase the difference is approximately
20 MPa. The Bauschinger effect is captured well
for the experiment with a low pre-strain, but the ef-
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Figure 6: The results for the Levkovitch model (thick
lines) in the orthogonal experiments (thin lines).
fect is slightly underestimated. This holds also for
the other 2 cyclic experiments. Since this harden-
ing mechanism cannot capture the work hardening
stagnation, the model does not really match the ex-
periment. Still, the third stroke is captured well.
The model results for the orthogonal test are shown
in Figure 6. The deviation in the pre-strain deforma-
tion is comparable to the deviation in the cyclic tests.
The results in the subsequent strain path change is
modelled very accurately by the distortional harden-
ing. Again, at elevated strains the model predicts a
too low stress.
Since the monotonic and cyclic behaviour of the
model is separated from the part for orthogonal
strain paths, it can be expected that a substitution
of the currently used isotropic–kinematic model by
a more advanced model will increase the over all ac-
curacy of the Levkovitch model.
5 CONCLUSION
In this paper, it was demonstrated that the typi-
cal cross hardening effect in orthogonal deforma-
tion paths can be modelled by adapting the hard-
ening rate, as in the Teodosiu model, as well as by
adapting the shape of the yield locus, as in the model
by Levkovitch. In the current implementations, the
Teodosiu model performs better in monotonic and
in cyclic tests than the Levkovitch model, but at the
cost of more material parameters (13 instead of 8).
It is expected that the latter model can be improved
by substituting the isotropic and kinematic harden-
ing part by the model introduced by Yoshida.
Based on the current experiments, it cannot be de-
termined whether the so-called cross hardening ef-
fect is basically due an increased elastic domain or
due to very fast work hardening. It seems that there
yield stress highly depends on the applied off-set
strain. In this level of micro-strains, it can also be
distortional hardening has taken place.
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